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Abstract—Many control schemes for dc—dc converters begin
with the assertion that inductor currents are “fast” states and
capacitor voltages are ‘“slow’ states. This assertion must be true
for power factor correction (PFC) converters to allow independent
control of current and voltage, and is important for many other
applications. In the present study, singular perturbation theory is
applied to two-state switching-power converters to provide rigor-
ous justification of the timescale separation. Krylov—-Bogoliubov—
Mitropolsky averaging is used to include switching ripple effects.
A relationship between inductance, capacitance, load resistance,
and loss resistances derives from an analysis of the off-manifold
dynamics of an approximate model. Similar results hold for boost,
buck, and buck-boost converters. Experimental boost converters
validate the results. Discrete-time analysis is also shown. Simulated
PFC converters demonstrate a simple, sensorless control technique
that requires timescale separation.

Index Terms—Averaging, integral manifold, power factor cor-
rection (PFC), singular perturbation, stability.

1. INTRODUCTION

ONVENTIONAL wisdom in power electronics is that in
C dc—dc converters and many other applications, inductor
currents are “fast” state variables, while capacitor voltages are
“slow” state variables. Often, this is used as justification for
a particular design methodology or control scheme. Rarely, if
ever, is the assertion verified. As power conversion densities
increase, switching frequencies increase, control bandwidths
increase, and components are miniaturized, a designer should
wonder whether the conventional wisdom is still valid.
Frequently, controllers for dc—dc converters use two loops: an
inner current loop and an outer voltage loop. The current loop
can take many forms. In an analog controller, the most com-
mon approach is peak current mode, where the inductor current
is compared to a reference to generate pulsewidth modulation
(PWM) gate commands. Average current mode, hysteresis cur-
rent control, sensorless current mode, and delta modulation are
all well-known current control schemes. In the digital realm,
several methods have been proposed [1]-[10], most of which
fundamentally assume that capacitor voltage remains fixed for
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the duration of a switching cycle. The current reference in a
two-loop controller is determined through feedback on output
voltage. If there is a separation in timescales between the current
dynamics and voltage dynamics, the two loops can be designed
independently.

While timescale separation is important for many dc—dc con-
verters, power factor correction (PFC) converters require sepa-
ration for proper operation. The objective of a PFC converter is
to force an inductor current to follow the input voltage wave-
shape (normally a rectified sinusoid), while the output capacitor
voltage is as close to dc as possible [11]. The typical solution is
to use a large output capacitor to smooth out the power fluctu-
ations from the input. The conclusion of the analysis to follow,
which extends the preliminary work of [12] and [13], is that a
sufficiently large capacitor is indeed an alternative that creates
timescale separation.

Singular perturbation theory [14] is a tool for formally
partitioning a dynamic system into slow and fast variables.
The two timescales differ in scale by a small factor of .
The fast variables, denoted here as z, are related to the slow
variables, denoted as x, by an integral manifold (an alge-
braic relation) plus a small dynamic error n that is O(e).
Section I summarizes singular perturbation theory in the present
context.

Section III starts with a switched-linear model of a boost
converter, which is then normalized to show the variable re-
lationships and identify suitable timescale separation. Krylov—
Bogoliubov—Mitropolsky (KBM) averaging yields a nonlinear
time-invariant model that includes a ripple correction term [15].
This model fits the standard form for singular perturbation anal-
ysis. An approximate model is shown to be suitable only if the
converter parameters meet a constraint derived from the off-
manifold dynamics. An experimental converter demonstrates
the effect of the additional constraint on dynamics. Similar re-
sults are shown in Section IV for buck and buck—boost convert-
ers. Section V derives corresponding conditions for timescale
separation in a discrete-time system. Section VI shows sim-
ulations of two PFC converters to demonstrate the effect of
timescale separation on dynamic performance. Section VII sum-
marizes the key results.

II. SINGULAR PERTURBATION THEORY

A singularly perturbed system is a nonlinear time-invariant
system whose states can be partitioned into slow variables x and
fast variables z. The separation in timescales is determined by a
small scalar €. The system must be in standard form, where all
variables and coefficients are normalized, to apply this method.
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The standard form for an autonomous system is
x =f(x,2,¢)
ey

The functions f and g may be nonlinear. Switching-power
converters also include a control input u and disturbance input
w. The results to follow hold so long as u and w are exoge-
nous (they do not depend on x or z). The extended standard
form is

ez = g(x,2,¢).

x =f(x,z,u,w,¢)
2

For £ <1, the dynamics can be separated into two timescales.
On the fast timescale, x can be treated as constant while the
dynamics of z are analyzed. On the slow timescale, z can be
treated as algebraic, rather than dynamic, while the dynamics of
x are analyzed. In steady state, the fast variable z must lie on an
integral manifold given by

ez = g(x,2z,u,w,¢).

lim z = ¢(x,u, w,¢)
t—o0

3

The algebraic function ¢ is the exact manifold, whereas a
Taylor series approximation is listed on the right. The O(&?)
terms can often be neglected, retaining ¢; improves accuracy
for moderate values of €. During a transient, z may not lie on
the manifold; instead

= o (x,u, W, e) + e (x,u, W, ) + O(e).

Z:¢(Xa ll,W7€) +n = LPO(XauaWaE) +€901(X,U,W,E) +n

“
i.e., m is a new state variable that captures the dynamics of the
transition from an arbitrary point in the state space to a point on
the manifold, after which (3) applies.

A complete derivation of the approximate model z = ¢, +
€@, + mis given in [14] and is summarized here. The left-hand
side of the original z equation evaluated along the manifold
is

dz _ d¢ ¢ dx

“at " at T “oxdt ©)
Combining (2) and (5),
i puwe) =gxouwe).  ©

Next, substitute the Taylor series (3) and equate powers of €
to find ¢, and ¢

EO: Ozg(x,goo,u,w,())
dep
1 0
. —f
c ox
The dynamical equation for 17 can be found by subtracting the
contributions of the ¢, and ¢, from the z dynamical equation.
In terms of (4), the equation for Z can be written as

g
(X,(P07U7W,€) = E(pl (7)

d
e (po +epr +m) =g(x,00 +ep1 +n,u,w,e). (8)
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Fig. 1. Boost PFC converter.

This equation can be reduced since ¢, and ¢; are known
from (7), and their time derivatives are given by the chain
rule

d dp Jp
%(LPO +E(Pl) :<8XO +€8X1)f(xv %o +€Q01 ‘|'777 LI,W,S).

€))

Depending on form and system details, it may or may not be
feasible to find a useful form of n from (9). A critical require-
ment is that (8) is stable, i.e., the off-manifold dynamics 7 must
decay so that the state vector will converge to the manifold.

The following sections will find timescale separation criteria
for two-state dc—dc converters: boost, buck, and buck—boost.
State-space averaged models of these power converters fit the
generic form

where x is the state vector, D is the duty cycle, w is a disturbance
input (such as input voltage or load), and A, A, By, and B,
determine the overall operation of the converter.

For the two state converters discussed in this paper, many
of the elements of the matrices in (10) are zero. Therefore,
the analysis is more straightforward for particular cases than
for the generic case (10). Other averaging techniques also
yield nonlinear forms that must be analyzed on a case-by-case
basis.

In buck, boost, and buck—boost converters, the partitioned
subsystems for the two different timescales are scalar. The con-
trol input is related to the switching function. The disturbance
input is the converter input voltage. As will be shown, there is
a crucial relationship among the converter parameters that de-
termines whether the off-manifold dynamics are stable. If they
are not, then one cannot, in general, treat capacitor voltages and
inductor currents as operating on different timescales. Initially,
the load will be treated as a constant resistance. Later, a Norton
equivalent load will be considered to generalize the analysis to
constant-power loads.

III. BOOST CONVERTER ANALYSIS
A. Switched Linear Model

The open-loop PFC boost converter shown in Fig. 1 can
be modeled as a switched linear system. A closed-loop ver-
sion would be nonlinear and time-varying. The PFC application
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implies large variation in input voltage and inductor current; oth-
erwise, the dynamics are identical to any other boost converter.
The switched linear model is

dvic__;v +h LZ
dt  C(R+Rc) C "PC@R+Re)"
diy, . R R + ho (RH R(') . Vin
@ - TR+ R L et

(1)

Here, hs is the switching function of the diode. All vari-
ables and coefficients must be normalized to put the system into
standard form. The nominal output voltage is V}), the nominal
output currentis [y = V; /R, and the switching period is T'. With
these definitions, the other variables can be normalized on the
basis

. e
Uc—vo
~ iL iLR
“TL TV
Ui

YT
u=1—d=(hy) (12)
o t

C(R+ R¢)

T

P= R+ Re)
5, _ Ry R+ Re

R R

L
£= g (13)

The first two variables are the normalized states. Normalized
input voltage w is a disturbance input. The moving average of
hy, shown as u, is used as the input in the following analysis;
often, the actual input is d, the duty cycle of the controlled
switch. Time must be normalized () so that the timescale of
the slow variable ©¢ is O(1). Then, the switching period 7" must
be transformed into p on the ¢ timescale. The last two variables
accumulate the various parameters of the physical system. The
normalized switched dynamical system is

d | 9c -1 hz Uc 0
dilf %L = _@ _50+h2P}TC 4 + | Re+R|w.
c c eR
(14)

B. Averaged System

Averaging can be applied to (14) to enable further analy-
sis. Although singular perturbation theory may be applied to
time-varying systems, the switching power converter results are
more readily applied if the system is first converted to an equiva-
lent time-invariant system. Since hs is a switching function, the
model (14) is linear in the states but time-varying. State-space

averaging [16]-[18], which removes all knowledge of switching
frequency, is typically used to form a nonlinear time-invariant
converter model. Other averaging methods retain switching in-
formation in time-invariant models. In particular, KBM averag-
ing [15], [19], [20] is an algorithm that partitions a periodically
varying system

§=aF (¢ 15)
into a time-varying algebraic relationship
M) =y (t)+al (ty) +a’ Ty (ty)+--  (16)
and a time-invariant dynamical system
y=0aGi(y) +e’Ga(y) +o’Gs (y)+---. (D)

The new state vector y corresponds to a moving average of
the original states &, while the algebraic series in ¥ models the
ripple. The series in G is time-invariant and admits further anal-
ysis. KBM averaging differs from generalized state-space aver-
aging [21] primarily in the choice of basis functions. Whereas
generalized state-space averaging uses a Fourier approach (sinu-
soidal bases), the KBM approach as in [15] uses piecewise poly-
nomials. Since most useful signals in a hard-switching power
converter are piecewise exponential, one would expect a sum-
mation of piecewise polynomial functions to fit the real signals
with fewer terms than a summation of sinusoids. Terms past W3
are usually negligible in real dc—dc converters.

The switched linear system (14) fits the basic form of (15),
so KBM averaging applies. Mathematica! was used to find G
and W terms (see the Appendix for code listing, adapted and ex-
tended from [19]). For a boost converter, GG is the conventional
state-space average and G is identically zero. The term Gg is
O((p/e)?) and captures effects of piecewise linear ripple on the
states at the switching frequency. For a reasonable switching
frequency, higher order terms diminish rapidly. The averaged
form through Gg, found with Mathematica, is

dy 1 <u(1u)p>2

~ =UuYy2 — Y1 — 75

dt 12 15
Re R+ R
X (yl ((5() —E) + }%C]%C’w>
d R+ Rc¢ R
1 [fu(l—wu 2 R
+ 1 <(€)p> <y1RC(50 —¢) +1e(dy —€)

2
+ %w (];g — 5)) (18)
A three-step analysis of (18) will establish timescale separa-
tion criteria. First, the state-space-averaged system (G, which
does not include the terms proportional to (p/c)?) will be ana-
lyzed symbolically to find a simple relationship that determines
whether or not timescales separate in a given converter. Then,

'Mathematica is a registered trademark of Wolfram Research, Inc.
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results from an experimental converter will verify the conclu-
sions. Finally, the actual parameters of the experimental con-
verter will be substituted into (18) numerically to show that G3
has a minor effect on timescale phenomena since it is small for
a converter in continuous conduction mode.

C. Singular Perturbation Analysis

To put the averaged model (18) into standard form (2), we
identify « = y; and z = y», and neglect all terms except G;.
Thus

dx

= = , 2, W), W, & = -

7 flz, z,u),w uz —x

d R+ R R,
sd—; =g(z, z,u,w,e) = %w —uxr — (50 + Rcu) z.

19)

All coefficients on the right-hand side must be normalized for
singular perturbation analysis. Typically, the equivalent series
resistance (ESR) term Ry < R, so the coefficient of w in the
second equation is a few percent larger than unity. The coeffi-
cient of z, though, is small for a highly efficient converter. This
coefficient is defined to be

R
6 (’LL) = 5() —+ %U

The effect of this small but nonzero coefficient §(u) can be
determined from an analysis of the approximate model (4). The
main contribution to the integral manifold is ¢y, which is found
by solving the first equation in (7) for ¢, to find

_w(l+(Rc/R)) —ux
po = 5 () .

Next, the first-order correction ¢; can be found from the

second equation in (7) as

_(0g9\ " (9
Y1 = (32) (m:) f(‘r>§007uawa€)

w?w ((R+ Re)/R) — v?r — uxd (u)
5% (u) '

The off-manifold dynamics can be found from (8), (21), and
(22), which simplify substantially to

(o)

To complete the new system, an approximate dynamical equa-
tion for x can be found as

(20)

ey

1= (22)

(23)

dz
E =u (800 + 5801) —T= (aboostx + Bboostw) Tboost
Oboost — — (u2 +4 (u)>
R+ R
ﬁboost = Tcu
62 (u) + u’e
Yboost = (53)(’(1) (24’)
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TABLE 1
BASIC CONVERTER PARAMETERS
L 657 uH C 77 uF
R, 584mQ | g, 381 mQ
MOSFET IRF3710 | Diode | MBR1545CT
£ 8.5x10™ & 5.9x10°
Frequency 25 kHz p 5.2x10°
R 100 Q

Although the input u enters in a complicated fashion, the
dynamics of z are linear in both x and w for a given duty
cycle. So, a boost converter that exhibits timescale separation
will have first-order capacitor voltage dynamics in response to
a step change in duty cycle after a brief current transient (the
decay of off-manifold dynamics).

The basic concept of a singularly perturbed system is that
the fast dynamics decay rapidly. Then, z will normally be on
or near the integral manifold ¢, and the relationship between x
and z will be dominantly algebraic, rather than dynamic. This
requires 7 to have a stable equilibrium near the origin. A stable,
nonzero equilibrium is acceptable, but unstable dynamics are
not. Stability of (23) requires the coefficient of 7 to be negative.
Algebraic manipulation gives a stability requirement

cu? < 6% (u). (25)

If the converter parameters satisfy (25) at a given operating
point, then there exists a separation between the dynamics of x
and z, or equivalently, between vc and i .

The requirement (25) is a function of the exogenous input u,
while a designer would prefer a universally applicable require-
ment. To generalize, a stricter requirement can be found that
does not include u, given that u € [0, 1]

e < o2, (26)

Both £ and §) include the load resistance R in their definitions.
An even stricter requirement can be found that does not include

R
| L
6<RL.

Equation (27) implies that the equivalent series LRC cir-
cuit formed by the inductor, its parasitic resistance, and the
output capacitor must be overdamped (quality factor ) < 1).
The key contribution of the present study is a rigorous deriva-
tion of these timescale separation requirements from basic cir-
cuit theory, nonlinear system theory, and singular perturbation
theory.

27)

D. Experimental Verification

A Dboost converter was constructed to demonstrate the
relevance of (27). Parameters are listed in Table I, with
MOSFET resistance lumped into Iy, . The design specification is
for 12-36 V conversion at 13 W. As constructed, this converter
does not meet the requirement for timescale separation. The
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Fig. 2. Experimental duty cycle step (67%-64%) with original converter.
Note second-order behavior. (Top waveform) Channel 1, inductor current
500 mA/division. (Bottom waveform) Channel 2, output voltage 10 V/division.
Horizontal: 10 ms/division.

characteristic impedance is \/L/C = 2.92 2, which exceeds
R}, by about a factor of 5. For the experimental converter, small
duty cycle steps were applied to ensure that the inductor current
remains continuous. If the current becomes discontinuous, then
the averaged model (18) is no longer accurate.

With the converter that fails the separation criteria, a duty
cycle step was applied, from 67% to 64%. Inductor current
and output voltage are shown in Fig. 2. Classic second-order
behavior is seen, which indicates that the state dynamics are
closely coupled. Efficiency is approximately 95%. Two different
approaches were then used to achieve the timescale separation
requirement.

Fig. 3 shows the effect of additional resistance (2 €2) added in
series with the inductor. This increased g to 0.026 to achieve
timescale separation at the price of additional losses. Current
and voltage waveforms for the same duty cycle step as before
(67%—64%) are shown in Fig. 3. The traces show a fast first-
order transient, which indicates decoupling of the two states.
Even more resistance would be needed for timescale separation
to be effective across a wide range of u. Efficiency was about
81%.

The additional losses are undesirable for a highly efficient
power converter, so another approach was examined: additional
capacitance. Fig. 4 shows current and voltage trajectories for a
smaller step, 67%—-66%, where the converter has an additional
2200 4F to reduce € to 3.16 x 1075 and decrease p to 1.92 x
10, The efficiency was still high, about 95%. The dynamic
behavior in Fig. 4 shows decoupling of the states, but the larger
capacitance causes dynamic performance to suffer. The current
response to this smaller input transient is larger and decays
more slowly than the preceding cases. Fig. 4 most clearly shows
the terms that contribute to the approximate model of z. The
rapid drop in current is governed by off-manifold dynamics as
7 decays to zero, while the recovery toward the initial current is

Tek Stop: Single Seq 100kS/s
L s
I T v

C2 Mean
28.54V
‘ u l
1 = y
2
Ch1 500mA & ChZ 0.0V & MI0.0ms Chi SBOMA™ 12 Mar 2007
15:23:34

Fig. 3. Experimental duty cycle step (67%—64%) with added resistance in in-
ductor (2 Q). (Top waveform) Channel 1, inductor current 500 mA/division.
(Bottom waveform) Channel 2, output voltage 10 V/division. Horizontal:
10 ms/division.

Tek Stop: 100kS/s
L
t

C2 Mean
3s472V

CAT S00MA & TRZ 0.0V & MT00ms Th2 3BV 12 Mar 2007

14:51:29

Fig. 4. Experimental duty cycle step (67%— 66%) with added output capaci-
tance (2200 pF). (Top waveform) Channel 1, inductor current 500 mA/division.
(Bottom waveform) Channel 2, output voltage 10 V/division. Horizontal:
10 ms/division.

governed by decoupled behavior along the integral manifold as
the voltage changes.

For the experimental converter, the KBM average can be
evaluated numerically, i.e., an approximate model can be derived
as in (21)—(24), but with the extra term listed in (18) that was
neglected before. The leading coefficient of the G3 terms is

L <“(1 - “)p>2 = 0.151.

2 . (28)

Continuous conduction mode generally corresponds to a
leading coefficient less than unity. More formally, the critical
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inductance can be substituted to simplify this coefficient

u(l—u)p 2 R

€ uR+ Re

1 (u-wp) L
12 e 3w

So, the leading coefficient will be less than unity for duty
cycles less than about 42% in critical conduction mode, and
for greater duty cycles as inductance or load is increased. The
most important element of the theoretical development is the n
dynamic equation. For the three cases, the dynamic equations
for 7 that include G3 terms are

(29)

(30)

gdiz =6.997 — 2.60 x 10713y, 4+ 2.60 x 1073w
dt base
d .
Bhaal — 9797 —2.43 x 10"y, +1.95 x 10" Bw
dt |aad R
d
Bl — 2107 — 1.21 x 102y, — 3.95 x 10~ 2.
dt |add ©

3D

In the base case, the coefficient of 7 is positive, so the ap-
proximate model is unstable and timescale separation does not
take place as dynamic behavior does not converge to the man-
ifold. In the other two cases, the coefficients of 1 are negative
as desired. Note the orders of magnitude of the y; and w terms:
since 4 and w are both O(1), these small terms will only move
the 1 equilibrium value a minute distance from zero. While 2
will not lie exactly on the integral manifold, the difference has
no discernable impact on operation.

The effect of the first-order correction ; can also be evalu-
ated numerically. For the middle case with extra resistance

o = —12.10¢ + 36.8w

ep; = —1.900¢ + 4.62w. 32)
For the case with extra capacitance
o = —46.40¢ + 141w
ep1 = —3.360¢ + 9.60w. (33)

So, neglecting the first-order correction would degrade accu-
racy by about 15% for one case, and 7% for the other.

The analysis and experiments agree and show three pos-
sible cases. The base converter has fast, coupled dynamics,
and exhibits second-order behavior. One variant has higher
losses with fast, decoupled dynamics. Another variant has ad-
ditional capacitance for high efficiency and slow, decoupled
dynamics.

E. Other Load Types

The earlier analysis applies to constant-resistance loads. Two
other static load types will be analyzed: constant current and
constant power. If the load R is replaced with a Norton equiva-
lent, all three load types can be included, at least in a small-signal
sense. See Fig. 5 for the new configuration with Iy and Ry .
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C

Fig. 5. Boost converter with Norton load.

Generally, Iy is nonnegative, but Ry may be of either sign.
If Ry is positive, the current sink changes the equilibrium by
some offset, and off-manifold dynamics do not change. For a
constant-current load, R approaches infinity and € approaches
zero, so the dynamical system is singular. For a constant-power
load, Iy is positive and Ry is negative, which requires further
analysis. The normalized variables must be changed so that
they have the same sign as the physical variables. Typically,
|Rn| > R, and the normalization is

N el
Vo = 70
i = _iL‘-fN
0
Vin
wy = i
_ INRy
7
u = (hy) (34)
G __ bt
C (Ry + Re)
T
P="CRy T Ro)
5 = Ry Ry + Re
By Ry
e= R%ch. (35)

All variables are positive except dy, which is negative. The
switched linear dynamical equations change to

d [Vc L ha e,
df[ﬁ}: _he 1<50+h2RC> |:2L:|
€ € Ry
W2
+ |1 /Rc+ Ry Re (36)
Z (R]\' wy — h2w2RN)

As mentioned before, KBM averaging converts this switched
linear system into a nonlinear time-invariant system. Singu-
lar perturbation analysis yields an approximate model for the
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Fig. 6. Experimental duty cycle step (67%-64%) with original converter,
now with a constant-power load. (Top waveform) Channel 1, inductor current
500 mA/division. (Bottom waveform) Channel 2, output voltage 10 V/division.
Horizontal: 10 ms/division.

moving average of i, plus a differential equation that governs
off-manifold dynamics

= (w55

Equation (37) differs only slightly from (22). The small coef-
ficient 6 (u) is the same as in (20), but is now negative. Timescale
separation requires stable 77 dynamics or

(37

u2€

d(u) — m < 0. (38)

With some algebraic manipulation, and with care for sign
changes, the stability requirement reduces to

u?e < 6% (u). (39)

Simplifications can be applied as before and yield the same
stability requirement as (27).

F. Experimental Validation With Constant-Power Load

The converters described in Section III-D were tested with
a constant-power load. The load consisted of a large bipolar
junction transistor (BJT) (D44VH10), 57 2 of resistive ballast,
and a control circuit built around an AD633 analog multiplier.
Integral control was used to regulate the load power on a sub-
millisecond timescale. The power was set to 13 W to correlate
with the previous test points.

Fig. 6 shows the response of the base converter with a
constant-power load. As in Fig. 2, the dynamics resemble a
second-order system. For Fig. 7, an extra 2 ) was inserted in
series with the inductor. The result is fast, decoupled dynamics.
For a constant-power load, reduced converter efficiency causes

Tek Stop: Single Seg 190k5/§
I =
) ; 2 T

A 48.4ms
@: -57.6ms

C2 Mean
24 95V

CHT ~500m g 00 M0 0ms CHZ 2.2V 28 Jun 2007
15:29:52
Fig. 7. Experimental duty cycle step (67%—64%) with increased resis-

tance and constant-power load. (Top waveform) Channel 1, inductor current
500 mA/division. (Bottom waveform) Channel 2, output voltage 10 V/division.
Horizontal: 10 ms/div.

Tek Stop: Single Seg 190k5/§
I =
T C |

A 48.4ms
@: -57.6ms

C2 Mean
3295V

CHi500m A 00 M10-0ms CHZ BV 28 Jun 2007
15:37:33
Fig. 8. Experimental duty cycle step (67%-65%) with increased capaci-

tance and constant-power load. (Top waveform) Channel 1, inductor current
500 mA/division. (Bottom waveform) Channel 2, output voltage 10 V/division.
Horizontal: 10 ms/division.

changes in duty cycle to dramatically impact the steady-state
operating point (both output voltage and inductor current). This
can be understood heuristically as follows. A decrease in duty
cycle results in a decrease in output voltage, which leads to
an increase in output current due to the negative load resis-
tance. The corresponding increase in inductor current results in
substantially increased losses, which further reduces the output
voltage. In Fig. 8, an extra 1400 uF was added instead of the
resistance. High efficiency is retained, but the response time is
much longer.
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Fig. 9. Buck converter.

To summarize, timescale separation can be achieved for any
load that includes a resistive term, whether the resistance is
positive or negative. Typically, the inductor will be designed
to satisfy ripple current and efficiency requirements. Given the
corresponding L and Ry, the designer can choose the capacitor
to satisfy (27), and separate voltage and current timescales.

IV. BUCK AND BUCK-BOOST CONVERTERS

Boost, buck, and buck—boost converters are all composed of
the same elements—one inductor, one capacitor, one controlled
switch, and one diode. For clarity, the same normalized variable
definitions of (12) and (13) will be used in the analysis of buck
and buck—boost converters.

A buck converter, shown in Fig. 9, has dynamics that are time-
invariant in the states. In the KBM average, all terms above Gy
vanish identically. The normalized, averaged model in singular
perturbation standard form is

dx

— =z—x

dt

dZ R+R( Rc

i R (1u)wz(50+R)z. (40)

The similarities between (19) and (40) are obvious. As might
be expected, the approximate model for z is similar to the boost
converter case, with x and 1 dynamics governed by

Cciiftf = (buck® + Bouck W) Youck

Obuck = 0o + REC

Bouck = R;R}% (1 —u)

Tbuck = 6(2)—(;;625 0
i (50)
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Fig. 10.  Buck-boost converter.

The 1 dynamics are stable for

e < 8. (43)

As in the boost converter case, simplifications can be made
that result in exactly the same criterion as (27).

The buck—boost converter shown in Fig. 10 has dynamics
that are time-varying in the states similarly to a boost converter.
Considering only the state-space average (G1), the normalized
dynamics are

dx

— =uz—

dt

ECZ:R_;RC(l—u)w—ux—<5O+Ij§u>z. (44)

Again, similarities to the boost converter model are obvious.
The approximate model is

(Z = (app® + Brow) X Yoo

am = —(u? + 6(u)

o= B

Yob = W (45)
efg - ( 65(“;) - 5(u)> 7. (46)

The 1 dynamic equation is identical to that of the boost con-
verter (23), so the stability criterion is identical to (27). The
dynamical equation for x differs only in the way wu interacts
with w. For this converter, G is zero and G3 can be considered
numerically. The higher order term has a similar effect on 7 as
in a boost converter.

V. SAMPLED-DATA (DISCRETE-TIME) ANALYSIS

To study singular perturbation in digital controls, a sampled-
data model [22], [23] can be analyzed for timescale separation.
Generic discrete-time systems have been analyzed with singular
perturbation theory [24]-[28]. The boost converter of Fig. 1
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demonstrates the basic problem of timescale separation with a
digital control. First, the continuous-time model of (14) needs
to be converted to discrete time. For notational convenience,
rewrite the continuous-time model as

d | e e,
= | . :(A1+h2A2) " +B1’LU
dt | i, i
[—1 0
A =
0 %
L €
0 1
A2=1 1 Re
L ¢ eR
i 0
B=| R+ R ()
L &R

With the input voltage (equivalently, w) and duty cycle (or )
held constant for one cycle p (in normalized time), the discrete-
time system can be written as

se, e,
lﬁ [k+1] = ®@[k] | | [k] + T[k]w]k]
1r 1L
®[k] = exp(A;1 (1 — ulk])p) exp((A1 + Ag)ulk]p)
Al . B
L'k = m(exp(Al(l [k])p) —I)B
(AL + Ayt

(48)

The contribution from the input voltage does not enter into
the remaining discussion. The state transition matrix ® can be
approximated since

exp(At) = I+ At + O((At)?). (49)
Discarding all terms quadratic in time p
[k ~ (I+ As (1 —ulk])p) (T + (A1 + Ag)ulk]p).  (50)

Expand (50), substitute the actual values of A; and A,, and
again discard all terms quadratic in p to yield

1-p ulk]p
P ump | wpRe | OV
5 e R 5

TABLE II
EXPERIMENTAL BOOST CONVERTER IN SAMPLED-DATA FRAMEWORK
Experimental Case Satisfies (55)? Satisfies (54)? Eigenvalues
Base 0.584 <5.8421 | 3.93x10° <3.72x10* | 0.9761 +j0.0554

NO NO

Add2QtoRy, 2.584<5.8421 | 6.94x10*>3.72x10* 0.9678, 0.8684
NO YES

Add 22 mF to C 0.584 <1.0743 | 5.03x10° > 1.26x10° 0.9969, 0.9602
NO YES

The approximated state transition matrix does not satisfy the
criteria in [24]. However, it is possible to check whether the
eigenvalues are real and distinct, rather than complex conjugate.
If so, then some degree of timescale separation and decoupling
would be expected.

The eigenvalues of ® (as approximated in (51), with the time
index k implicit) are

R
1+ 2 (w2 46, ) + £ + V/DISCRIMINANT
2e R 2

2 2
DISCRIMINANT = i @u +0g—e| — du’e). (52)
4e2 \\ R

The eigenvalues will be real and distinct if

DISCRIMINANT > 0. (53)
With (52) substituted into (53)
R 2
(Bfu + 8 — s> > du’e (54)

will guarantee real, distinct roots. As in the continuous-time
case, simplifying approximations can be made. The most con-
servative bound, analogous to (27), is

/L
24/ —=.
Ry > C

The experimental boost converter of Section III-D can be
analyzed in discrete time as an example. A summary of re-
sults is shown in Table II, where distinct, real eigenvalues indi-
cate timescale separation. In general, the bound of (55) is too
conservative—the latter two configurations satisfy the neces-
sary condition (54) and therefore exhibit timescale separation,
but do not satisfy (55). Designers should focus on the more
complicated requirement (54) to minimize losses.

Faster switching generally leads to less separation since p? is
a significant factor in the discriminant. From another perspec-
tive, a lower sampling rate leads to more separation. Although
the sampled-data model derived in (51) presumes a sampling
rate equal to the switching frequency, this need not be the case.
If the eigenvalues are real and distinct, even a small difference
will become substantial over many switching cycles. For exam-
ple, for the case where additional resistance is added in series
with the inductor, the eigenvalues of @ for a 25-kHz switching
frequency are {0.9678,0.8684}. If both the switching frequency

(55)
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Fig. 11. Simulated PFC boost converter. Line current shown for two values
of Ry, : 80 m2 (no separation) and 1.28 2 (separation).

and sampling rate are increased to 250 kHz, the eigenvalues are
{0.9969,0.9861}—a small difference. If the sampling rate is
left at 25 kHz, but the switching frequency is set to 250 kHz,
the eigenvalues are {0.9697,0.8696 }—nearly the same as with
25-kHz switching. Over the range where the converter remains
in continuous conduction mode, increased switching frequency
narrows the apparent difference between timescales, while sep-
aration is retained if sampling rate remains constant regardless
of the switching frequency.

VI. APPLICATION TO A PFC CONVERTER

PFC boost converters rely on timescale separation for effec-
tive operation. A simulation has been constructed to demonstrate
the effect of R, on dynamic performance, since an experimental
PFC converter that does not exhibit timescale separation will not
function well enough for extended testing. The simulated con-
verter has 5 mH of line inductance, 5 mF of output capacitance,
and switches at 75 kHz. The two cases have different values
of parasitic resistance Ry: 80 m{2 and 1.28 Q2. The control law
combines feedback and feedforward

‘/Yill
YTV 10 (Vo —ve)dt

(56)

Although the line current is not sensed or explicitly con-
trolled, the control of (56) produces current that is nearly sinu-
soidal. There is a small dc offset in the inductor current, which
shows up as zero-crossing distortion in the line current. A longer
simulation would show that the dc component decays to zero
and has little effect on long-term performance. Figs. 11 and 12
show the line current and bus voltage start-up transients, re-
spectively, for two converters with different R . With R}, being
too small, there is no separation, and a second-order oscillation
with overshoot is observed. With additional damping, the cur-
rent magnitude and average voltage show first-order behavior.
The estimated efficiency with separation exceeds 93%. A larger
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Fig. 12.  Simulated PFC boost converter. Output (capacitor) voltage shown for
the same two cases as in Fig. 11.

output capacitor would enable separation with less damping and
higher efficiency.

VII. CONCLUSION AND EXTENSIONS

Timescale separation is important in many applications,
from PFC to low-voltage dc—dc converters. Separation crite-
ria were derived for boost, buck, and buck—boost converters
in both continuous-time and discrete-time formulations. The
relationship among inductance, capacitance, and the induc-
tor’s parasitic resistance dominated the results. An experimental
boost converter, with both resistive and constant-power loads,
demonstrated the effects of various design choices. A simu-
lated PFC converter showed that extremely simple controllers
can produce good line current waveforms if there is timescale
separation.

Designers may use these results in several ways. If a particu-
lar converter is already designed, then the control designer may
check the criteria before choosing a particular control methodol-
ogy. Alternatively, if a particular control scheme is desired, the
power designer can make component choices that ensure sepa-
ration. The separation criteria can also be used as constraints to
improve a converter optimization problem.

Future work will explore similar concepts for other con-
verter topologies and closed-loop systems. In more complicated
topologies, such as boost—buck or single-ended primary induc-
tor converter (SEPIC), the presence of extra states complicates
the analysis. Often, there are four or more states. Depending on
component selection, there may be two, three, or four timescales.
In a closed-loop system, the input u is no longer exogenous, but
instead is a function of the states 2 and z, and the disturbance
input w. The feedback system may itself contain extra states,
and may either enhance or detract from timescale separation.
As shown in the example PFC controller, though, a controller
built entirely on the slow timescale will usually be effective if
there is timescale separation.
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APPENDIX
MATHEMATICA CODE FOR KBM ALGORITHM

A portion of this code is adapted from [19].

(* First define switched linear system ¥*)
x={vCnorm, iLnorm};

T={0,duty*p,p};

nconfig=2;
amat={{1,h2}, {-h2/€e, (60+h2*Rc/R)/€}};
bmat={-w2, (Rc+R) *wl/ (e*R)-h2*w2*Rc/(€*R)};

n=Length[x];
a={(amat/.{hl-1,h2-50}), (amat/.{h1-0,h2-51})};
b={(bmat/.{hl1-1,h2-50}), (bmat/.{h1-0,h2-51})};

rhs=Table[a[[i]].x+b[[i]], {i,nconfig}];

(* Now perform KBM averaging per [19] *)
AVERAGE[f_]:=Cancel[(1/p)
Sum[Integrate[£[[id0]], {t,T[[1id0]1],T[[id0+1]1]1}], {id0,nconfig}l];

PDER[fv_,v_]:=Table[D[fv[[idl]],vI[[jd1]11],{idl,n},{jdl,n}];

KBMalgorithm[rhspsi_ ,Gold ,psiold ,Golder_,psiolder_]:=Block[{i},
G=AVERAGE [rhspsi];
psidi=Simplify[Table[Integrate[rhspsi[[i]]-G-

PDER [psiolder[[i]],x] .Gold-

PDER [psiold[[i]],x].Golder,t], {i,nconfig}ll];
psibc={psidi[[1]1]};

Do [AppendTo[psibc,Cancel [psidi[[i] ]+ (psibc[[i-1]1]1/.t>T[[i]])-

(psidi[[i]11/.t-T[[i1]1)1]1,{i,2,nconfig}];
psiavg=AVERAGE [psibc];
psi=Table[psibc[[i]]-psiavg, {i,nconfig}];];

zerovec=Table[0, {i,n}];
zeromat=Table[zerovec, {i,nconfig}];

KBMalgorithm|[rhs, zerovec, zeromat, zerovec, zeromat]
Gl=Simplify[G]

Tl=Simplify([psi]l:;

Tavgl = Simplify[psiavgl]:;

Tdil = Simplifyl[psidi];

apsi=Tablel[al[j]1]1.21[[j]1],{j,nconfig}];
KBMalgorithm[apsi,Gl, zeromat, zerovec, ¥1]
G2=Simplify[G] (* Always zero *)
$2=Simplify[psil;

apsi=Table[a[[j]l].22[[j]1],{j,nconfig}];
KBMalgorithm[apsi,g2,T2,gl,T1l]
G3=Simplify[G]

(* Form normalized system from average plus one switching term *)
£ GLl[[1]11+G3[I[1]1]

g e*(G1l[[2]1]1+G3[[2]])

intermediate = Solve[g:==0, iLnorm]

(* Now find manifold for z and off-manifold dynamics *)

90 = (iLnorm /. intermediate) [[1]]

¢l = (1/D[g,iLnorm] )*(D[¢0,vCnorm] )*(£f /. iLnorm - ¢0)

nrhs = (g /. iLnorm - (@0 + €*pl + n))-e*(D[¢0,vCnorm])*(f /. iLnorm -
(p0+1)) ;

simplenrhs = Simplify[nrhs]

(* For stability, need n coefficient to be negative *)
ncoeff = D[simplenrhs,nl

(* Discard switching term, see what effect it has *)
infinitef = Simplify[simplenrhs /. p -» 0]
Solve[D[infinitef,n]==0, €]

infinitefp0 = ¢0 /. p » 0

infinitefpl = o1 /. p » 0

Simplify[infinitefopl]

infinitefncoeff = ncoeff /. p » 0
Simplify[infinitefncoeff]
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